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Abstract A matched-asymptotics approach is pro-
posed to show the occurrence of two distinct charac-
teristic length scales in the carbonation process. The
separation of these scales arises due to the strong com-
petition between reaction and diffusion effects. We
show that for sufficiently large times τ the width of
the carbonated region is proportional to
√
τ , while the
width of the reaction front is proportional to τ
p−1
2(p+1) for
carbonation-reaction rates with a power law structure
like k[CO2]p[Ca(OH)2]q , where k > 0 and p,q > 1
and identify the proportionality coefficient asymptot-
ically. We emphasize the occurrence of a water bar-
rier in the reaction zone which may hinder the pene-
tration of CO2 by locally filling with water air parts
of the pores. This non-linear effect may be one of the
causes why a purely linear extrapolation of acceler-
ated carbonation test results to natural carbonation set-
tings is (even theoretically) not reasonable. Finally, we
compare our asymptotic penetration law against mea-
sured penetration depths from Bune (Zum Karbon-
atisierungsbedingten Verlust der Dauerhaftigkeit von
Außenbauteilen aus Stahlbeton, 1994). The novelty
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now identified asymptotically by solving a non-linear
system of ordinary differential equations, and hence,
fitting arguments are not necessary to estimate its size.
We offer an alternative to the (asymptotic) √τ expres-
sion of the carbonation-front position obtained in Pa-
padakis et al. (AIChE J. 35:1639, 1989).
Keywords Fast reaction · Diffusion · Carbonation ·
Length scale separation · Water barrier · Matched
asymptotics · Continuum mechanics
1 Introduction
The reaction-diffusion process studied in this paper
concerns the following physico-chemical scenario:
The reaction
CO2(g → aq) + Ca(OH)2(s → aq)
→ H2O + CaCO3(aq → s) (1)
takes place in all unsaturated porous cement-based
materials exposed to air, where the reactants are as-
sumed to be initially separated. The physicochemi-
cal process associated with (1) is called carbonation
and can be summarized as follows: CO2 from the at-
mosphere penetrates the concrete material via the air
parts of the pores and get absorbed in pore water. Once
it is dissolved in pore water, aqueous CO2 moves to
the places where aqueous Ca(OH)2 is available. The
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latter species comes from the pore matrix via disso-
lution [16, 17]. The reactants meet and react cf. (1) to
produce moisture (H2O) and carbonates (CaCO3). The
process is called carbonation and plays an important
role in the service life of concrete-based structures.
For more details on concrete carbonation and its rel-
evance with respect to corrosion and durability issues
of concrete-based structures, we refer the reader to the
surveys by Kropp [13] and Chaussadent [6] as well as
to the references cited therein.
In this paper, we rely on a conceptually simple iso-
line model to investigate a couple of asymptotic fea-
tures of the carbonation process. The particularities of
this model, which has been presented in [5] and is re-
formulated with minor modifications in Sect. 2, are the
following: The reactant CO2 and the product H2O are
allowed to diffuse, while the other reactant Ca(OH)2
is static. Furthermore, we assume that the total poros-
ity of the concrete stays constant as well as that the
effective diffusivities and reaction constant do not de-
pend on humidity. Despite its apparent simplicity1, the
model encompasses the main features of the carbona-
tion process. In the sequel, we focus on the following
issues:
(1) We study the asymptotic separation2 of length
scales during carbonation arisen due to the strong
competition between reaction and diffusion effects.
We show that for sufficiently large times τ the width of
the carbonated region is proportional to
√
τ , while the
width of the reaction front is proportional to τ
p−1
2(p+1) for
carbonation-reaction rates with a power law structure
like k[CO2]p[Ca(OH)]q2 , where k > 0 and p,q > 1.
(2) We emphasize the occurrence of a water barrier
in the reaction zone which hinders the penetration of
CO2 via locally filling with water the air parts of the
pores. This non-linear effect may be one of the causes
why a purely linear extrapolation of accelerated car-
bonation test results to natural carbonation settings is
not possible; For more discussions, see [19].
(3) We compare the asymptotic penetration law,
which we obtain for the description of the position of
the reaction front, against measured penetration depths
extracted from [4]. The novelty consists in the fact that
1More elaborate models were proposed by several authors, see
for instance [2, 12, 18, 24, 29, 31].
2The same issue was touched, for instance, in [3, 7, 14, 25, 33]
from both theoretical and experimental viewpoints.
the factor multiplying
√
t is now identified asymptot-
ically by solving a non-linear system of ordinary dif-
ferential equations, and hence, no fitting arguments are
necessary to estimate its size. Our law may be viewed
as another asymptotic alternative to the asymptotic
√
τ
expression of the reaction-front position in [23]. In
contrast to [23], we do not shrink the reaction layer to
the corresponding free boundary. We rather prefer to
keep the geometry of the layer as it is and estimate its
width asymptotically taking into account the structure
of the reaction kinetics.
Comments on Refs. [3, 16, 21, 23, 30]
Our motivation to apply formal asymptotic methods
in order to tackle subjects like those stated in (1)–(3)
stems from the pioneering approach to carbonation by
Papadakis, Vayenas and Fardis in [23]. At the model-
ing level, we are influenced by the asymptotic investi-
gation of Ca(OH)2 leaching in concrete done by Main-
guy in his PhD thesis [16] and then applied in [17]
by Mainguy and Coussy to the same problem. Simi-
lar ideas as in [16] were employed in the context of
carbonation by Thiéry et al. in [30–32]. At the tech-
nical level, our approach is different (the working tool
is the technique of matched asymptotics; see [1, 26],
e.g., for details). The mathematical core of this contri-
bution follows the methodology developed by Bazant
and Stone in [3]. Nevertheless, the introduction of an
additional partial differential equation to describe the
diffusive behavior of the moisture produced by reac-
tion (1) by means of which we point out asymptot-
ically the presence of a water barrier, and also, our
particular choice of scaling parameters used to non-
dimensionalize the model equations lead us away from
the basic framework treated in [3]. However, since in
the interior of the diffusion layer the equation of mois-
ture formally decouples from those of the reactants,
many of the working ideas employed in [3] become
applicable to our setting. A mathematically new as-
pect here is the presence of a water barrier within the
reaction layer. This paper is an essentially improved
version of the preprint [21].
2 Carbonation model
We consider the carbonation model as proposed by
Cahyadi and Uomoto in [5]. One of the particular-
ities of their formulation is that the molecules of
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Ca(OH)2 and CaCO3 are supposed to be immobile
(i.e. non-diffusing), while those of CO2 and of mois-
ture may diffuse. Moreover, we consider that produc-
tion and precipitation of CaCO3 are equal and do not
significantly affect the remaining mechanisms of the
reaction-diffusion problem in question.
Denote by u, v and w the dimensionless concentra-
tion of CO2(aq), Ca(OH)2(aq) and moisture produced
by the reaction
CO2 + Ca(OH)2 → H2O + CaCO3. (2)
Note that there are a few conceptual differences be-
tween (1) and (2). Particularly, we do not distinguish
between the water and air phases. The main reason,
which is behind such a treatment, is that both the trans-
fer of CO2 from the air to water phase (and vice versa)
and the dissolution of Ca(OH)2 from the solid matrix
to water phase (and vice versa) may be assumed to
be in local equilibrium, i.e. both production terms by
Henry’s law and by Ca(OH)2-dissolution vanish. Let
 := ]−∞,+∞[ and S := ]0,∞[ be the space and
time domain of interest. Our choice of  underlines
the fact that we do not account for boundary effects.
Following [22, 23], the carbonation problem may be
stated in dimensionless form as
u,τ − δuu,zz = −2f (u, v) equation for CO2 (3)
βvv,τ = −2f (u, v) equation for CaOH2 (4)
βww,τ − δww,zz = +2f (u, v)
equation for H2O (5)
u(z,0) = H(z), v(z,0) = H(−z) and
w(z,0) = 0 for all z ∈ , (6)
u(∞, τ ) = 1 and w(∞, τ ) = wˆ,
u(−∞, τ ) = 0, w(−∞, τ ) = wˆ (7)
for all τ ∈ S. We are looking for left-traveling wave
fronts of CO2 and Ca(OH)2 concentrations and for a
pulse of humidity, see Fig. 1. These are solutions de-
fined on the entire real line (see chapter 3 in [15], e.g.)
and represent a mathematical ansatz of wave concen-
tration profiles in the laboratory or in situ experiment.
The parameters δu, δw , βv , βw and 2 are positive
quantities which correspondingly represent the effec-
tive CO2 and humidity diffusivities, impact capacity
Fig. 1 Typical behavior of active concentrations u, v and w
factors, and the Thiele modulus; see Sect. 8 for typical
values. The term
f (u, v) := upvq (8)
denotes the production by carbonation reaction. The
mass-balance equations (3)–(5) are coupled by means




0, if ζ < 0,
1, if ζ ≥ 0. (9)
For simplicity, we assume in (7) that wˆ = 0. There-
fore, w indicates the concentration of water produced
by (1). Furthermore, since the species v is not allowed
to diffuse, it cannot leave its initial support, and hence,
v(x, t) = 0 for all x > 0 and t ≥ 0. The reactant u dif-
fuses into −x direction toward the place hosting the
static reactant v. Arguing as in [1, 3], if an asymptotic
similarity solution exist, then it must involve a mov-
ing front which diffuses into the material. See Sect. 3
and [3, 14, 23], for discussions concerning why such
a front is expected to exist. We denote by σ(τ) its po-
sition at the moment τ > 0. For fixing the ideas, let
σ(τ) be the center of the reaction zone. We assume
that dσ(τ)
dτ
< 0, where σ(τ) is given by
σ(τ) := −2mτα, α ∈ R, τ ≥ 0. (10)
The coefficient m is a priori unknown. We expect m to
depend on the Thiele modulus 2, but the precise way
in which this dependence holds still needs to be iden-
tified. We address the determination of m in Sect. 7.
The dependence of m on 2 is explained for a par-
ticular case in Sect. 9. In the sequel, we omit to write
down explicitly the dependence of m on 2.
We use definition (10) of σ(τ) in order to dis-
tinguish between the three space domains of inter-
est. Namely, we denote the carbonated zone (also
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called diffusion layer), the inter-phase carbonation
layer (called also reaction layer) and the uncarbonated
part, respectively, by
1(τ ) := ]σ(τ) + 
/2,∞[, (11)

(τ) := [σ(τ) − 
/2, σ (τ ) + 
/2], (12)
2(τ ) := ]−∞, σ (τ ) − 
/2[. (13)
By (13), 
 is the width of 
(τ). In this framework,

(τ) some sort of a mushy region where u, v and w
coexist. Since dσ
dτ
< 0, the reaction front 
(τ) (and
implicitly the production by reaction f (u, v)) moves
towards the location of the source of v. The separation
of reactants can be expressed as
u(z, τ ) = 0 for all z ∈ 2(τ ), (14)
v(z, τ ) = 0 for all z ∈ 1(τ ). (15)
Furthermore, we have
w(z, τ ) ≥ 0 for all z ∈ 1(τ ) ∪ 2(τ ). (16)
3 Inner problem
We consider as inner problem the scaling of the reac-
tion layer 
(τ). We make use of the stretching vari-
able
η := z − σ(τ)
τβ




where we assume that the width 
 of 
(τ) is propor-
tional to τβ for some β ≥ 0. By (17), we deduce
η,z = τ−β and η,τ = −βτ−1η + 2mατα−β−1.
(18)
In the vicinity of σ(τ), we allow the concentrations u
and w to vary like
U(η, τ) := τγ u(z, τ ), V (η, τ ) = v(x, t) and
W(η, τ) = τ νw(z, τ ) (19)
with γ > 0 and ν > 0. We refer the reader to [3], for a
discussion of the non-relevance of the cases γ = 0 and
ν = 0.
Owing to (19), it is necessary to replace f (u, v) in
(8) by f (U,V ) = τ−δUpV q , with δ := γp.
By (17), (18), (19) and the chain rule, the mass-
balance equations (3), (4) and (5) become
τγ (p−1)U,τ − τγ (p−1)−1(βηU,η + γU)
+ 2mατα−β+γ (p−1)−1U,η
= τγ (p−1)−2βδuU,ηη − 2UpV q, (20)













We aim at finding asymptotically invariant (similarity)
solutions which correspond to the following limiting
behavior with suitable Uˆ , Vˆ and Wˆ :
U(η, τ) → Uˆ (η), V (η, τ ) → Vˆ (η),
W(η, τ ) → Wˆ (η), U,η(η, τ ) → Uˆ,η(η),
V,η(η, τ ) → Vˆ,η(η), W,η(η, τ ) → Wˆ,η(η),
U,ηη(η, τ ) → Uˆ,ηη(η), W,ηη(η, τ ) → Wˆ,ηη(η)
(23)
as τ → ∞ and −∞ < η < ∞. We make use of the
same arguments as in [3] to require the presence of
a dominant balance (see also chapter 5 in [11], e.g.),
which compensates the effect of the nonlinear reac-
tion UpV q . The first step needed in order to obtain the
time-invariance of U , V and W is to require the small-
ness of the terms U,τ , V,τ and W,τ relatively to the
production by reaction. In other words, we assume the









γp−νW,τ = 0. (24)
The dominant balance situations for U , V , and W sug-
gest the study of the following cases:
(U1) γ (p − 1) − 2β = 0, α − β + γ (p − 1) − 1 ≤ 0,
γ (p − 1) − 1 ≤ 0,
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(U2) γ (p − 1) − 2β ≤ 0, α − β + γ (p − 1) − 1 = 0,
γ (p − 1) − 1 ≤ 0,
(U3) γ (p − 1) − 2β ≤ 0, α − β + γ (p − 1) − 1 ≤ 0,
γ (p − 1) − 1 = 0,
(V1) γp − 1 = 0, α − β + γp − 1 ≤ 0,
(V2) γp − 1 ≤ 0, α − β + γp − 1 = 0,
and
(W1) pγ − ν − 2β = 0, α − β + γp − ν − 1 ≤ 0,
γp − ν − 1 ≤ 0,
(W2) pγ − ν − 2β ≤ 0, α − β + γp − ν − 1 = 0,
γp − ν − 1 ≤ 0,
(W3) pγ − ν − 2β ≤ 0, α − β + γp − ν − 1 ≤ 0,
γp − ν − 1 = 0.
We proceed as in [3] and find out the traveling wave
cases (U2, V2, W1) and (U2, V2, W2) and the dif-
fusing front case (U1, V2, W1). We drop those con-
figurations which are not logically consistent3, see the
Appendix for details. We are not interested in any trav-
eling wave, but only on those that are bounded and ap-
proach constant, equilibrium states at z = ±∞. These
special types of traveling wave solutions are called
wave front (or diffusing front) solutions. On this way,
we are only left with the diffusing front case (U1, V2,
W1). Therefore, we are forced to take into account two
regions with different scale invariance: one for the dif-
fusion layer, and another one for the reaction layer. In
this case the front advances sub-linearly in time, i.e.
like τα with 0 < α < 1. Note that such a sub-linear
behavior of the front has been mathematically shown
for two moving-boundary formulations of the concrete
carbonation problem in [22].
4 Outer problem
In this section, we deal with the case of the infi-
nitely thin carbonation front (layer). Namely, we only
consider the case when Thiele modulus 2 satisfies
∞ > 2 	 1; see also appendix A in [22] or [23]. It
is well known that in the carbonation process the re-
action is faster than the transport. Therefore, we ex-
pect that the width 
 > 0 of the reaction layer 
(τ)
3For the case (U1, V2, W1), we have ν = γ , 0 < γ ≤ 1
p
,
β = γ2 (p − 1), α ≤ 1 − γ2 (p − 1). One can show that the
traveling-wave ansatz is not satisfactory for the reaction-
diffusion model in question. We do not repeat the arguments
here and refer the reader to [3] (Equations (22a)–(23)).
is relatively small compared to the width of the dif-
fusion layer 1(τ ). Such setting occurs when in the
reaction-diffusion process the characteristic time scale
of reaction is much smaller than that of diffusion. The
singular case 2 = ∞ will be considered elsewhere.
We consider as outer problem the scaling of the dif-
fusion layer 1(τ ). To scale this region, we introduce




for all ζ > 0, ζ ≥ σ. (25)
In (25), we have ρ > 0. The similarity variables η
cf. (17) and ζ cf. (25) are linked through
η = 2τρ−βζ.
If η → ∞ and ζ → 0 with ζ > 0, then the carbonated
zone needs to connect with the reaction layer. Let us
introduce some new functions
U (ζ, τ ) := u(z, τ ), V(ζ, τ ) := v(z, τ ) and
W(ζ, τ ) := w(z, τ ). (26)
As in Sect. 3, we omit to write the dependence of m
on 2. (25) yields
ζ,z = 12τρ and ζ,τ = mατ
α−ρ−1 − ζρτ−1. (27)
The mass-balance equations (3)–(5) become
τ 2ρ U,τ + mατα+ρ−1 U,ζ − ζρτ 2ρ−1U,ζ
= 1
4
δuUζ ζ − 2τ 2ρ U pV q, (28)




τ 2ρ U pV q, (29)
and





Wζ ζ − 
2
βw
τ 2ρ U pV q . (30)
We look for capturing the following asymptotic simi-
larity behavior
U (ζ, τ ) → Uˆ (ζ ), V(ζ, τ ) → Vˆ(ζ ),
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W(ζ, τ ) → Wˆ(ζ ), U,ζ (ζ, τ ) → Uˆ,ζ (ζ ),
V,ζ (ζ, τ ) → Vˆ,ζ (ζ ), W,ζ (ζ, τ ) → Wˆ,ζ (ζ ),
U,ζ ζ (ζ, τ ) → Uˆ,ζ ζ (ζ ), W,ζ ζ (ζ, τ ) → Wˆ,ζ ζ (ζ ),
as τ → ∞ and ζ > 0. In order to realize this, we firstly
assume that the time derivatives of U , V and W can be
neglected when compared to diffusion terms
lim
τ→∞ τ
2ρ U,τ (ζ, τ ) = lim
τ→∞ τ
2ρ W, τ (ζ, τ ) = 0
for all ζ > 0. (31)
A scaling, which is different from that one used for the
carbonation layer, can be acquired if the production by




2ρ2U p(ζ, τ )V q(ζ, τ ) = 0 for all ζ > 0. (32)
The investigation of the dominant balance suggests the
following possible cases:
α + ρ − 1 = 0, 2ρ − 1 ≤ 0
α + ρ − 1 ≤ 0, 2ρ − 1 = 0.
The situation corresponding to α + ρ − 1 ≤ 0 and
2ρ − 1 = 0 represents the case of the diffusing front-
like solution, the width of the carbonated region being
then proportional to
√
τ . The other situation is elimi-
nated as in [3].
5 Matching of the inner and outer approximations
The limit η → ∞ of the inner approximation has to
match the limit ζ → 0, ζ > 0 of the outer approxi-
mation. Since finally we want to obtain an asymptotic
matching, it is essential to pass to the limit τ → ∞
before the matching is realized. The major care is to
propose those matching conditions which conserve the
mass when passing from the diffusion layer to the re-
action layer.
The matching of v is
lim
η→∞ Vˆ (η) = 0 = limζ→0+ Vˆ(ζ ). (33)
To match the outer and inner limits of u and w, some
care is needed to formulate the connecting conditions
in the intermediate zone. This intermediate region lies
between the reaction and diffusion layer. Note firstly
that since γ > 0 the concentration profiles of u and w
decay to zero as τ → ∞ and |η| < ∞. The decay hap-
pens like u(z, τ ) = O(τ−γ ) and w(z, τ ) = O(τ−ν).
We proceed as in [3] and match the linear terms in
the Taylor expansion of u and w in the intermediate
region. Notice that
u,z(z, τ ) = Uˆ
′(ζ )
2τρ




as τ → ∞ and 0 < ζ < ∞ is fixed, and
u,z(z, τ ) = 1
τβ+γ
Uˆ ′(η),




as τ → ∞ and |η| < ∞ is fixed. Equations (34)
and (35) suggest the matching of the exponents
β + γ = ρ, β + ν = ρ (36)
and also
Uˆ ′(∞) = 1
2
Uˆ ′(0), Wˆ ′(∞) = 1
2
Wˆ ′(0). (37)
The values of Uˆ ′(∞) and W ′(∞) will be calculated in
Sect. 6. Finally, we conclude this section by giving the
asymptotic scaling we were looking for:
β = p − 1
2(p + 1) , γ =
1
p + 1 ,
ρ = α = 1
2
, δ = p
p + 1 = pγ,
(38)
and recall the relation ν = γ . It is worth mentioning
that the value of γ in (38) is obtained combining
β + γ = ρ and β = γ
2
(p − 1).
6 Calculation of Uˆ ′(∞) and Wˆ ′(∞)
The concentration profiles of Uˆ and Wˆ can be calcu-
lated in the diffusion layer. Herein, we have
2(m − η)Uˆ ′ = δuUˆ ′′
Uˆ (0) = 0, Uˆ (∞) = 1









Uˆ ′ = Uˆ ′′ (39)
Uˆ (0) = 0, Uˆ (∞) = 1. (40)
The exact solution of (39)–(40) is





) + erf( m
δu
)










for all λ ≥ 0. Similarly, we obtain


























The matching conditions allow us to define U∗ and
W ∗ via








7 Identification of m in (10)
Let us consider the following system of ordinary dif-
ferential equations which hold in the reaction front:
δuUˆ ′′ − 2 Uˆ pVˆ q = 0, (48)
mVˆ ′ − 
2
βv
Uˆ pVˆ q = 0, (49)
δwWˆ ′′ + 
2
βw
Uˆ pVˆ q = 0. (50)
The associated boundary conditions are
Uˆ (−∞) = 0 Uˆ ′(∞) = U∗, (51)
Vˆ(−∞) = 1 Vˆ(∞) = 0, (52)
Wˆ(−∞) = 0 Wˆ ′(∞) = W ∗, (53)
where the boundary values U∗ and W ∗ are given
by (46) and (47). It is important to observe that we
need all 6 boundary conditions listed in (51)–(53) in
order to find the solution Uˆ , Vˆ and Wˆ of the sys-
tem (48)–(50), and simultaneously, to identify the pa-
rameter m. Note that Uˆ , Vˆ , Wˆ and m depend on
the choice of δw , βv , βw and 2. Combining4 equa-
tions (51) and (52) and then integrating the result
firstly from ζ up to ∞, and afterwards, integrating the
result mentioned above from −∞ up to ζ yields
δuU
∗ − δuUˆ ′(ζ ) − βvmVˆ(ζ ) = 0 and
−βvm + βvmVˆ(ζ ) + δuUˆ ′(ζ ) = 0,
(54)





Equation (55) has a uniquely determined solution
m > 0, see Fig. 2. This type of reasoning is standard if
Fig. 2 Calculation of m for the standard set of parameters used
in Sect. 8. The dotted line is the l.h.s. of (55), while the solid
line is the corresponding r.h.s.
4See also [15] pp. 78–79, e.g.
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we think of calculating wave speeds. With the notation








we get U∗(χ) = βv(χ) for all χ ≥ 0. It is straight-
forward to eliminate Vˆ to obtain a single equation in
terms of Uˆ . By (48), (49) and (54), we obtain
Uˆ ′(ζ ) = U∗ − βvm
δu
Vˆ(ζ ) = U∗(1 − Vˆ(ζ ))
for ζ ≥ 0, (57)
and hence,
Vˆ(ζ ) = 1 − Uˆ (ζ )
U∗
, ζ ≥ 0. (58)
Thus (48) becomes







The boundary conditions (51) are associated to the
non-linear equation (59). Questions concerning the ex-
istence and uniqueness of the reaction front scaling
function Uˆ , which satisfies (59) and (51), were ad-
dressed in [3], section 3.6. Once Uˆ is known, the sys-
tem (48)–(53) decouples and the remaining equations
are then easy to integrate.
8 Simulation results
We turn our attention to the carbonation setting de-
scribed in [4]. We perform the calculations with re-
spect to the space domain L := ]−L,L[ and the time
interval ST := ]0, T [. In this section, we set L = 1 cm,

 = 17 cm and T = 18 years. Note that T represents the
final time of the carbonation process in Bunte’s exper-
iment (cf. [4]) and L > 
. The couple (L,ST ) is used
for the numerical approximation of the infinitely large
intervals  and S. Further, let us denote by DA the
effective diffusivity of species A, by λA the Dirichlet
boundary datum which we assume to be compatible
with the corresponding initial datum. Our candidates
for A are the reactants and products involved in (1).
By ηmax we denote the maximum value of the reaction
rate.
Herein, the following material parameters are used:
DCO2 = 3.5 cm2/day, DH2O = 1 cm2/day,
λCO2 = 58.9286 ∗ 10−6g/cm3, λCa(OH)2 = 0.077g/cm3,
λH2O = 1g/cm3, ηmax = kλpCO2λ
q
Ca(OH)2 , where
k = 150 [1/day*(g/cm3)1−p−q ]. Moreover, we fix
p = 2 and q = 1 but other choices are possible as well.
By (38), we have β(p) = p−12(p+1) , and hence, we ex-
pect results which are asymptotically insensitive with
respect to the selection of the partial-reaction order q .
Since we are in the fast reaction vs. slow diffusion
case, we expect that asymptotically the overall influ-
ence of the exponents p and q on the concentration
profiles and position of the reaction front is negligi-
ble5. These parameters define the following dimen-
sionless numbers:
βu := 1, βv := λCa(OH)2
λCO2




δu := 1, δv := DCa(OH)2
DCO2
, δw := DH2O
DCO2
. (61)
For simulations, we choose 
 = 10−2 to scale the
length variable and the characteristic time of CO2 dif-
fusion to scale the time variable. With these notations,






Thorough discussions of the role of these dimension-
less numbers are given in [23] and in appendix A
of [22]. Our focus is on calculating the asymptotic pro-
files of the involved active concentrations and of the
asymptotic reaction front position. We begin with the
next elementary observation: After a sufficient large
time, the behavior of u within the diffusion layer is
described via
uτ − δuuzz = 0 in R, τ > 0, (63)
u(z,0) = H(z), u(−∞, τ ) = 0, u(∞, τ ) = 1.
(64)
5For p = 2, (38) shows that 
 is of order of O(τ 16 ) which is
negligible compared to the width of L. Following the same
arguments, if p = 1.5, then 
 ∼ O(τ 110 ). Interestingly, if p = 1,
then 
 and τ appears to be asymptotically independent, while
β(p) → 12 as p → ∞.
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The system (63)–(64) admits the exact similarity solu-
tion











In terms of (ζ, τ ) variables, the latter equation reads










Simultaneously, by the maximum principle the pro-
file of w vanishes in the same region. The profile of u
cf. (65) is shown in Fig. 3. It shows the tendency of
CO2 to decay near the reaction layer.
In the sequel, we want to obtain the asymptotic pro-
files of concentrations in the reaction layer. In order to
obtain them, we need to solve the non-linear system of
differential equations (48)–(53), which is described in
Sect. 7. It is worth mentioning that in [23] the effect of
the reaction layer on the whole process was neglected.
The approximation of the solution to the boundary-
value problem (48), (51) and (58) is obtained by means
of the code bvp4c, which is available in MATLAB,
using default tolerances. To this end, the problem has
to be transformed to first order form. The routine is
based on both the collocation method and continua-
tion argument, and is illustrated in [27] (chapter 3.2),
e.g. the numerical approximation of the reactant pro-
files in Fig. 4 is done within the reaction front. Firstly,
we approximate the value of m for a given set of para-
meters by solving (55) in MATLAB by means of the
routine fminsearch. The profile of u is depicted
in Fig. 4(a), while that of v is shown in Fig. 4(b). In
Fig. 5, we note a localized production of water which
may be interpreted as a barrier. By barrier we simply
mean that the water may locally fill the air part of some
Fig. 3 Profile of CO2 vs. space within the diffusion layer
pores. On this way, the water barrier impedes the pen-
etration of gaseous CO2 and may lead to a slow down
of the process or even to its stopping.
Asymptotically, the reaction front diffuses into the
material with the speed





Fig. 4 (a)+(b) CO2 and Ca(OH)2 profiles vs. space. The reac-
tion front propagates from right to left
Fig. 5 Plot of the reaction rate 2 Uˆ p Vˆ q vs. space within the
reaction layer. It points out a local production of water
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Fig. 7 (a) The solid line shows the interface position cf. (10)
vs. time. The dashed line show the interface position cf. (67)
vs. time. The points “◦” denote the measured penetration depths
from [4]. (b) Plot of the velocity (66) of the front
see Fig. 7(a) for a plot of the (asymptotical) interface
position with respect to time compared with the exper-
imental penetration depth measured by Bunte [4]. In
Fig. 7(a) we also compare the position of the reaction






which is basically the law proposed by Papadakis
et al. [23] applied to this reaction-diffusion scenario.
The results are comparable. For the chosen parameter
set, our approach seems to be better.6 The velocity of
the front is plotted in Fig. 7(b).
9 Discussion
There is no explicit dependence7 of m defined cf. (55)
on important material parameters like the curing time,
degree of hydration, water-to-cement ratio, chemistry
of the concrete and so on. Therefore, the criticism on
the penetration law proposed in [23], which was ad-
dressed among others by Chaussadent in [6], can be
repeated here as well. There are indeed arguments pro
et contra. We do not dwell with them here, but em-
phasize that the main merit of such an asymptotic ap-
proach (application of the methodology developed in
[3]) is that it eliminates any fitting argument when de-
termining the position of the reaction front. In our case
we obtain the unknown parameter m as solution of a
system of differential equations coupled with an alge-
braic one. The information concerning the chemistry
of the concrete sample and the boundary conditions is
comprised in the scaling parameters. Therefore, the as-
ymptotic penetration law only depends on the choice
of scaling parameters and that of m. Our asymptotic
penetration depths are close to those obtained by Pa-
padakis et al. [23]. Note that, at this moment, it is not
quite clear whether we overestimate or underestimate
their results.





can be interpreted in the following way: For increas-
ing m, the fraction U∗(m)
m
decreases, see Fig. 6. This
also corresponds to increasing Thiele modulus 2 and
finally leads cf. (10) to higher penetration depths. Sim-
ple dimensional investigation shows that the propor-




depends on the effective diffusion coefficient of CO2
in air, maximum reaction rate, choice of length scale
6This is not yet concluding. More qualitative investigations are
needed.
7However, the scaling parameters connect m with the initial and
boundary data.
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and initial concentration of Ca(OH)2 in concrete. If m
is known, then by (55) the constant c can be exactly






 represents the characteristic length scale of in-
terest. Furthermore, for certain values of m, we notice
the linear behavior 2(m) ≈ ξm, where the approxi-
mate proportionality factor ξ can be calculated from
Fig. 6 with the routine diff of MATLAB.
If we change the set of scaling parameters, then the
main output (i.e. penetration depth vs. time plot) alters.
More dimensional investigations as well as numerical
simulations are needed to identify the effect of each of
the dimensionless parameters and dimensional length
and time scales on the penetration depths.
At least two complementary research directions
emerge from the preliminary character of this study.
From one hand, the matched asymptotic analysis can
be extended to tackle rather complex fast reaction sce-
narios in which several reactive species can diffuse
and admit various structures of reaction kinetics (e.g.
a humidity-dependent rate like f (u, v,w) = wupvq ).
Typically, tedious calculations become unavoidable.
The paper [3] and this note provide a basis for investi-
gations in this direction. Furthermore, the asymptotic
results may be combined with numerics. On the other
hand, the matched asymptotic analysis offers some
theoretical hints about the large-time behavior of con-
centration profiles and penetration front position, at
least in the case when the front is thin (but does not
shrink to a sharp interface). There are essential dif-
ferences between the asymptotic behavior of moving
thin fronts and sharp interfaces, see corresponding re-
marks in [8–10, 28], e.g., where the exact asymptotic
behavior is shown to be strongly dependent on the
structure of the reaction kinetics and type of the mov-
ing front (sharp interface or not). This first step gives
us additional motivation to reconsider from new per-
spectives our moving-interface approach to carbona-
tion [20, 22].
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Appendix: Choice of scaling exponents
We discuss the elimination procedure of the traveling-
wave solutions and of the other non-relevant situations
which may occur as result of the scaling of the reaction
front, see Sect. 3. To this end, we only solve systems
of linear algebraic inequalities. The weak coupling be-
tween the mass-balance equation of moisture and the
other mass balance equations allows us to proceed as
in [3]:
Because of γ = 1
p−1 , the case (U3) is incompatible
with both (V1) and (V2). Therefore all combinations
containing (U3) have to be discarded.
If ν = γ , then the latter assertion holds for (W3),
too.
Obviously, in the case (V1) we have γ = 1
p
. This
fact does not match the cases (U1), (U2) and (U3).
Gathering together these incompatibilities between
the scaling exponents, we see that a successful config-
uration can only involve (U1), (U2), (V2), (W1) and
(W2).
We note that there is a certain incompatibility
between the cases (U2) and (V2) [and also (W2)].
Namely, from α − β + γ (p − 1) − 1 = 0 and
α − β + γp − 1 = 0, we deduce that γ = 0. This con-
tradicts our choice of γ .
The triple (U1, V2, W1) is the successful combina-
tion. Notice that γ ≤ 1
p−1 . From α− γ2 (p−1) ≤ 0 and
γ (p − 1) = 2β , we obtain that α ≤ 12 and β ≤ 12 .
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